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Abstract. An estimation of the growth of a non-contracting semigroup
Zt = exp itA where A is a non-dissipative operator with a two-dimensional
imaginary component is given. Estimation is given in terms of the functional
model in de Branges space.
Contracting semigroup Zt = exp{itA} generated by a dissipative operator
A has a well-studied functional model [6]. In the case of non-dissipativity of
operator A, construction of the corresponding functional model is based on the
use of the L. de Branges technique [6, 7]. In this case, the semigroup Zt is not
dissipative and its character of growth is exponential [2, 4]. Problem of calculation
of the growth index of the semigroup Zt in terms of functional model seems to
be natural. The present paper is dedicated to the solution of this problem.
An explicit estimation of the character of the growth of Zt in terms of channel
elements of functional model realized in L. de Branges space is obtained.
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1. Preliminary information.
I. Recall [6] that set of bounded linear operators acting from Hilbert H
into space G is standardly denoted by [H,G].
Family of Hilbert spaces H, E and operators A ∈ [H,H], ϕ ∈ [H,E],
J ∈ [E,E], where J is an involution, J = J∗ = J−1, is said to be [1] a local
colligation
(1) ∆ = (A,H,ϕ,E, J),
if condition
(2) A−A∗ = iϕ∗Jϕ
is true. Operator A is said to be the main operator of colligation, ϕ – the channel
operator, and J – the metric operator of colligation ∆ [3]. Space H is said to be
the inner and E – the outer spaces of colligation ∆.
Suppose that the outer space E of the colligation ∆ (1) is finite-dimensional,
dimE = r <∞. And let {fα}
r
1 be an orthonormal basis in E, then the vectors
gα = ϕ
∗fα (1 ≤ α ≤ r)
in H is said to be the channel vectors [6], and the colligation relation (2) can be
written as follows:
(3)
A−A∗
i
=
r∑
α,β=1
〈·, gα〉Jα,βgβ,
where Jα,β = 〈Jfα, fβ〉 are matrix elements of the matrix J corresponding to the
operator J in the basis {fα}
r
1.
Family
(4) ∆ = (A,H, {gα}
r
1 , J)
is said to be an operator complex [3] if condition (3) holds where J = J∗ = J−1.
Complex (4) is said to be simple [6] if H1 = H, where
H1 = span {A
ngα : 1 ≤ α ≤ r and n ≥ 0} .
On the linear manifold of continuous on [0, l] vector-functions f(x) =
(f1(x), . . . , fr(x)) with values in the Euclid space, define the hermitian non-
negative bilinear form
(5) 〈f, g〉F =
l∫
0
f(x)dFxg
∗(x),
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where Ft is a matrix-valued non-decreasing function on [0, l] for which trFt ≡ t.
Denote by L2r,l (Fx) the Hilbert space obtained as a result of the closure of the
introduced linear manifold of vector-functions f(x) with regard to metric (5) for
which 〈f, f〉F < ∞ with due factorization by the kernel of metric (5). Define in
L2r,l (Fx) the operator
(6)
( ◦
Ac f
)
(x) = αxf(x) + i
l∫
x
f(t)dFtJ,
where αt is a real non-decreasing bounded on [0, l], 0 ≤ l <∞, function.
Theorem 1 [6]. Simple operator complex ∆ (4), when the spectrum of
A is real, is unitarily equivalent to the simple part of complex
◦
∆c=
(
◦
Ac, L
2
r,l (Fx) , {eα}
r
1 , J
)
,
where eα = (0, . . . , 0
α−1
1
α
0
α+1
, . . . , 0) is the standard basis in the Euclid space
of vector-rows Er.
Consider a local colligation
∆ = (A,H,ϕ,E, J)
such that dimE = 2 and J = JN =
[
0 i
−i 0
]
; and let gα = ϕ
∗eα (α = 1, 2)
where {eα}
2
1 is the orthonormal basis in E. Then we obtain the operator complex
(7) ∆ =
(
A,H, {g1, g2} , JN =
[
0 i
−i 0
])
.
Let the spectrum of operator A be concentrated at zero, σ(A) = 0. Then, in view
of Theorem 1, the simple complex ∆ (7) is unitarily equivalent to the simple part
of the model operator complex
(8)
◦
∆C=
(
◦
AC , L
2
2,l (Fx) , {e1, e2} , JN =
[
0 i
−i 0
])
,
where
◦
AC in L
2
2,l (Fx) acts by the formula
(9)
( ◦
AC f
)
(x) = i
l∫
x
f(ξ)dFξJN ,
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and the non-decreasing on [0, l] matrix-valued function
Fx =
[
αx βx
β¯x γx
]
is such that trFx ≡ x.
II. Denote by Mx(λ) the matrix-function which is the solution of the
integral equation
(10) Mx(λ) + iλ
x∫
0
Mt(λ)dFtJN = I,
where x ∈ [0, l], λ ∈ C, which in the case of dFt = atdt is equivalent to the
Cauchy problem {
d
dx
Mx(λ) + iλMx(λ)axJN = 0;
M0(λ) = I.
Consider the vector-row
Lx(λ) = [1, 0]Mx(λ) = [Ax(λ), Bx(λ)] ,
which, in virtue of (10), is the solution of integral equation
(11) Lx(λ) + iλ
x∫
0
Lt(λ)dFtJN = [1, 0].
Let 2P± = I ± JN , then P
2
± = P± = P
∗
±; P+P− = 0; P++P− = I. Single
out the following important properties of the vector-row Lx(z):
Lx(λ)P+ = Ex(λ)L
+
0 , Lx(λ)P− = E˜x(λ)L
−
0 ,
where L±0 = L0P±, L
+
0 =
1
2
[1, i], L−0 =
1
2
[1,−i] (L0 = [1, 0]), and the functions
Ex(λ) and E˜x(λ) are given by
(12) Ex(λ) = Ax(λ)− iBx(λ), E˜x(λ) = Ax(λ) + iBx(λ).
Function E˜x(λ) is said to be the adjoint function to Ex(λ) (since in the case of
the real matrix-function Ft we have E˜x(λ) = Ex
(
λ¯
)
[3, 6]).
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The following theorem [6] is true.
Theorem 2. The vector-function Lx(λ) = [Ax(λ), Bx(λ)], which is the
non-trivial (Lx(λ) 6≡ [1, 0]) solution of the integral equation (11), is such that
1) Lt(λ) ∈ L
2
2,a (Ft), for all a ∈ [0, l] and λ ∈ C;
2) functions Ex(λ) = Ax(λ)− iBx(λ) and E˜x(λ) = Ax(λ)+ iBx(λ) do not
have roots in the semiplanes Imλ > 0 and Imλ < 0 correspondingly, besides,
|Ex(λ)| −
∣∣∣E˜x(λ)∣∣∣ =


> 0, Imλ > 0;
= 0, Imλ = 0;
< 0, Imλ < 0;
and Ex(0) = E˜x(0) = 1, for all x ∈ [0, l].
Recall [1, 6] that function g(λ) is said to be a function of the bounded
type in Imλ > 0 if it is a quotient of two holomorphic bounded in Imλ > 0
functions. It is easy to see [1] that if Re g(λ) ≥ 0 in Imλ > 0 and g(λ) is analytic
in the semiplane Imλ > 0, then g(λ) is a function of bounded type. This easily
yields [1] the following representation of analytic functions g(λ) of bounded type
in Imλ > 0:
g(λ) = B(λ)e−iλhG(λ),
where B(λ) is the Blashke product corresponding to the zeroes of g(λ); number
h ∈ R is said to be the mean type of g(λ); and G(λ) is holomorphic function in
Imλ > 0 for which
ReG(x+ iy) =
y
pi
∞∫
−∞
dµ(t)
(t− x)2 + y2
(λ = x+ iy; y > 0);
besides, the real function µ(t) is such that µ(0) = 0 and
∞∫
−∞
|dµ(t)|
1 + t2
<∞.
Consider a pair of integer functions A(λ) and B(λ) such that functions
E(λ) = A(λ)−iB(λ) and E˜(λ) = A(λ)+iB(λ) do not have roots in the semiplanes
Imλ > 0 and Imλ < 0 correspondingly, besides
|E(λ)| −
∣∣∣E˜(λ)∣∣∣ =


> 0, Imλ > 0;
= 0, Imλ = 0;
< 0, Imλ < 0.
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Associate with such pair of functions Hilbert space B(A,B) [1].
A linear manifold of integer functions F (λ) is said to be an L. de Branges
space B(A,B) [1, 6] if
a)
F (λ)
E(λ)
(
F (λ)
E˜(λ)
)
is the function of bounded type and non-positive mean
type in the upper, Imλ > 0 (lower, Imλ < 0), semiplane;
b)
∞∫
−∞
∣∣∣∣F (t)E(t)
∣∣∣∣ dt =
∞∫
−∞
∣∣∣∣ F (t)E˜(y)
∣∣∣∣ dt <∞
takes place.
The space B(A,B) is Hilbert [1]. Scalar product in B(A,B) is specified
in the natural way:
〈F (λ), G(λ)〉B(A,B) =
∞∫
−∞
F (t)G¯(t)
dt
|E(t)|2
.
The L. de Branges Theorem 3 [1]. Consider the family of L. de
Branges Hilbert spaces B (Ax(λ), Bx(λ)) where the vector-row Lx(λ) = [Ax(λ),
Bx(λ)] is the solution of the integral equation (11) on the segment x ∈ [0, l] for
some matrix-valued measure Ft. Correlate the function
(13) F (λ) =
1
pi
a∫
0
[f(t), g(t)]dFtL
∗
t
(
λ¯
)
,
with each row [f(t), g(t)] ∈ L22,l (Ft) where a is an inner point of the segment [0, l],
0 < a < l. Then F (λ) ∈ B (Aa(λ), Ba(λ)), besides, the “Parseval equality”
pi
∞∫
−∞
|F (t)|2
|Ea(t)|2
dt =
a∫
0
[f(t), g(t)]dFt
[
f˜(t)
g˜(t)
]
is true. For any function G(λ) ∈ B (Aa(λ), Ba(λ)) there exists the vector-function
[ϕ(t), ψ(t)] ∈ L22,l (Ft) with support on [0, a] such that representation (13) takes
place for G(λ).
Theorem 4 [6]. Let the spectrum σ(A) of operator A of the local complex
∆ (7) be concentrated at zero, σ(A) = {0}. Then, in the case of its simplicity,
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complex ∆ is unitarily equivalent to the functional model
(14) ∆ˆ =
(
Aˆ,B (Al(λ), Bl(λ)) , {eˆ1(λ), eˆ2(λ)} , JN
)
where Aˆ in B (Al(λ), Bl(λ)) acts via the formula
(15) AˆF (λ) =
F (λ) − F (0)
λ
, F (λ) ∈ B (Al(λ), Bl(λ)) ,
and the functions eˆα(λ) are given by
(16) eˆ1(λ) =
B∗l (λ¯)
λ
, eˆ2(λ) =
1−A∗l (λ¯)
λ
.
2. Estimation of growth of the semigroup.
I. Consider the semigroup
Ztf(ξ) = e
iAˆtf(ξ) =
(17) = f(ξ) + itAˆf(ξ) +
i2t2
2!
Aˆ2f(ξ) + · · · , f(ξ) ∈ L22,l (Fξ)
where Aˆ is given by (15).
The explicit formula for Zt is given by the following theorem [5].
Theorem 5. The semigroup Zt = exp(itAˆ), where Aˆ is given by (15),
on the functions f(λ) ∈ B (Al(λ), Bl(λ)) acts in the following way:
Ztf(λ) = f(0) + P+e
it
λ (f(λ)− f(0))
where P+ is the orthoprojector on the subspace of continuable into the upper
semiplane functions.
Consider the local complex ∆ˆ (14) and denote by M the linear span of
vector-functions of the type
(18) f(ξ) = (u+(ξ), h(λ), u−(ξ))
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where u±(ξ) is a vector-function from the space of vector-rows E
2 = E such that
suppu±(ξ) ∈ R∓, and h(λ) ∈ B (Al(λ), Bl(λ)) . Specify on M the norm
(19) ‖f‖2 =
0∫
−∞
‖u+(ξ)‖
2
Edξ + ‖h(λ)‖
2 +
∞∫
0
‖u−(ξ)‖
2
Edξ <∞.
Closure of the manifold M in this metric forms the Hilbert space, we denote it
by H. Denote by PM [6] the operator of contraction on the set M, namely:
(PMf)(ξ) = f(ξ)χM (ξ)
where χ
M
(ξ) is the characteristic function of set M (M ⊂ R) (χ
M
(ξ) = 1 as
ξ ∈M, and χ
M
(ξ) = 0 as ξ /∈M). Specify in the space H the semigroup Ut,
(20) (Utf) (λ, ξ) = (u+(t, ξ), ht(λ), u−(t, ξ)) (t ≥ 0).
The vector-function u−(t, ξ) is given by
(21) u−(t, ξ) = PR+u−(ξ + t).
Consider the Cauchy problem
(22)


i
d
dξ
yt(λ, ξ) +
yt(λ, ξ)− yt(0, ξ)
λ
=
2∑
α,β=1
〈
P(−t,0)u−(ξ + t), eˆα
〉
Jαβ eˆβ;
yt(λ,−t) = h(λ), ξ ∈ (−t, 0),
where eˆα is given by (16), and let
ht(λ) = yt(λ, 0).
Finally,
(23) u+(t, ξ) = u+(ξ + t) + P(−t,0)

u−(ξ + t)− i
2∑
α,β=1
〈yt(λ, ξ), eˆα〉 eˆβ

 ,
where yt(λ, ξ) is the solution of the Cauchy problem (22), it is easy to see that
yt(λ, ξ) = h(0) + P+e
i(ξ+t)
λ (h(λ) − h(0))−
− i
ξ∫
−t
eiAˆ(ξ−θ)
2∑
α,β=1
〈u−(θ + t), eˆα(λ)〉B Jαβ eˆβdθ.
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Specify in H an indefinite metric
(24) 〈f, f〉J =
0∫
−∞
〈JNu+(ξ), u+(ξ)〉E dξ + ‖h(λ)‖
2
B +
∞∫
0
〈JNu−(ξ), u−(ξ)〉E dξ.
It is easy to ascertain [6] that 〈Utf, Utf〉J = 〈f, f〉J and so the semigroup Ut (20)
is a J-isometry.
A semigroup Ut is said to be J-unitary [6] if Ut is unitary in the J-metric
(24),
U∗t JUt = J, UtJU
∗
t = J (∀t ∈ R+).
It is easy to see [7] that Ut is a J-unitary dilation.
Obviously,
‖Utf‖
2 =
0∫
−∞
‖u+(t, ξ)‖
2
Edξ + ‖ht(λ)‖
2
B +
∞∫
0
‖u−(t, ξ)‖
2
Edξ,
where
‖ht(λ)‖
2
B =
∞∫
−∞
ht(z)ht(z)
dz
|E(z)|2
=
∞∫
−∞
|ht(z)|
2 dz
|E(z)|2
.
Note that in the case of dissipativity of operator Aˆ the dilation Ut is
unitary. In the studied case, the operator Aˆ (15) is not dissipative.
As is known [2, 4], for the semigroup Ut, when |t| ≫ 1, the estimation
‖Ut‖ ≤ e
β±t takes place where β± ≥ 0, besides,
β+ = lim
t→∞
ln ‖Ut‖
t
; β− = lim
t→∞
ln ‖U−t‖
t
.
Taking into account (23), we have
‖Utf‖
2 =
−t∫
−∞
‖u+(ξ + t)‖
2
Edξ +
0∫
−t
‖u−(ξ + t)− i
2∑
α,β=1
〈yt(λ.ξ), eˆα〉 eˆβ‖
2
Edξ+
+‖ht(λ)‖
2
B +
∞∫
0
‖u−(ξ + t)‖
2
Edξ =
0∫
−∞
‖u+(ξ)‖
2
Edξ +
∞∫
t
‖u−(ξ)‖
2
Edξ+
294 O. V. Rozumenko
+
0∫
−t
‖u−(ξ + t)− i
2∑
α,β=1
〈yt(λ, ξ), eˆα〉eˆβ‖
2
Edξ + ‖ht(λ)‖
2
B
Denote
(25) u−(ξ + t)− i
2∑
α,β=1
〈yt(λ, ξ), eˆα〉 eˆβ = v.
The following equality [6] is true,
0∫
−t
〈
JN

u−(ξ + t)− i 2∑
α,β=1
〈yt(λ, ξ), eˆα〉 eˆβ

 , u−(ξ + t)−
−i
2∑
α,β=1
〈yt(λ, ξ), eˆα〉 eˆβ
〉
dξ+
+ ‖ht(λ)‖
2 =
t∫
0
〈JNu−(ξ), u−(ξ)〉 dξ + ‖h(λ)‖
2,
or, taking into account (25), we have
0∫
−t
〈JNv, v〉dξ + ‖ht(λ)‖
2 =
t∫
0
〈JNu−(ξ), u−(ξ)〉dξ + ‖h(λ)‖
2.
Let JN = Q+ − Q− where Q± are such orthoproectors that Q+ + Q− = I and
Q+Q− = 0, then
0∫
−t
‖v‖2dξ + ‖ht(λ)‖
2 =
0∫
−t
〈Jv, v〉dξ + ‖ht(λ)‖
2 + 2
0∫
−t
〈Q−v, v〉dξ =
=
t∫
0
〈Ju−(ξ), u−(ξ)〉dξ + ‖h(λ)‖
2 + 2
0∫
−t
〈Q−v, v〉dξ =
=
t∫
0
‖u−(ξ)‖dξ + ‖h(λ)‖
2 − 2
t∫
0
〈Q−u−(ξ), u−(ξ)〉dξ + 2
0∫
−t
〈Q−v, v〉dξ.
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Thus,
‖Utf‖
2 =
0∫
−∞
‖u+(ξ)‖
2
Edξ +
∞∫
t
‖u−(ξ)‖
2
Edξ +
t∫
0
‖u−(ξ)‖
2
Edξ+
+‖h(λ)‖2B − 2
0∫
−t
〈Q−u−(ξ + t), u−(ξ + t)〉dξ + 2
0∫
−t
〈Q+v, v〉dξ =
= ‖f‖2 + 2
0∫
−t
[〈Q+v, v〉E − 〈Q−u−(ξ + t), u−(ξ + t)〉E ] dξ
II. Let
A+ = Aˆ+ iϕ
∗Q−ϕ,
then
Aˆ = A+ − iϕ
∗Q−ϕ,
where A+ is a dissipative operator [6]. Denote
(26) Vt = e
−itA+ , Zt = e
itAˆ.
Then
d
dt
(VtZt) = −iA+VtZt + Vt(iA)Zt = Vt (−iA+)Zt + Vt(iAˆ)Zt =
= iVt
(
Aˆ−A+
)
Zt = iVt (−iϕ
∗Q−ϕ)Zt = Vtϕ
∗Q−ϕZt
Consequently,
VtZt − I =
t∫
0
Vsϕ
∗Q−ϕZsds,
multiply both parts of equality by V−t, obtain
(27) Zt = V−t +
t∫
0
Vs−tϕ
∗Q−ϕZsds,
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then
Zth = V−th+
t∫
0
Vs−tϕ
∗Q−ϕZshds
consequently,
‖Zt‖ ≤ ‖V−t‖+
∥∥∥∥∥∥
t∫
0
Vs−tϕ
∗Q−ϕZsds
∥∥∥∥∥∥ .
Rewrite (27) as follows,
Zt −
t∫
0
Vs−tTZsds = V−t,
where T = ϕ∗Q−ϕ. By the mean theorem,
Zt − tVξ−tTZξ = V−t
where ξ = ξ(t) ∈ (0, t). Let s = 0, then
‖Zt‖ ≤ ‖V−t‖+ ‖tVξ−tTZξ‖.
Since Vt is a contraction semigroup, then ‖Vt‖ ≤ 1 and thus
‖Zt‖ ≤ 1 + ‖tVξ−tTZξ‖
or
‖Zt‖ ≤ 1 + t‖Vξ−tT‖e
αθtt,
where 0 < θt < 1,
α = lim
t→∞
ln ‖Zt‖
t
.
Then
‖Zt‖ − 1
t
≤ ‖Vξ−tT‖e
αθtt ≤ ‖T‖eαθtt
Since
‖Zt‖ ≤ e
αt,
then
‖Zt‖ − 1
t
≤
eαt − 1
t
→ α
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when t→ 0. From the other side,
‖Zt‖ − 1
t
≤ ‖T‖eαθtt → ‖T‖
as t→ 0. Thus,
α ≤ ‖T‖.
Let us estimate ‖T‖.
〈Tf, f〉 = 〈ϕ∗Q−ϕf, f〉 = 〈Q−ϕf, ϕf〉
|〈Q−ϕf, ϕf〉| ≤ ‖Q−‖〈ϕf, ϕf〉 ≤ 〈ϕf, ϕf〉 = ‖ϕf‖
2
As is well-known,
ϕf =
(
〈f, eˆ1〉
〈f, eˆ2〉
)
=
(
f1
f2
)
,
then
‖ϕf‖2 = |f1|
2 + |f2|
2
∞∫
−∞
f(x)
Bl(x)
x
dx
|El(x)|2
= f1;
∞∫
−∞
f(x)
1−Al(x)
x
dx
|El(x)|2
= f2
|f1| ≤ ‖f‖ · ‖eˆ1‖; |f2| ≤ ‖f‖ · ‖eˆ2‖
then
‖ϕf‖2 ≤ ‖f‖2‖eˆ1‖
2 + ‖f‖2‖eˆ2‖
2 = (‖eˆ1‖
2 + ‖eˆ2‖
2)‖f‖2
So,
‖ϕf‖ ≤
√
‖eˆ1‖2 + ‖eˆ2‖2‖f‖
or
‖ϕ‖ ≤
√
‖eˆ1‖2 + ‖eˆ2‖2,
where
‖eˆ1‖
2 =
∞∫
−∞
|Bl(x)|
2
|x|2
dx
|El(x)|2
; ‖eˆ2‖
2 =
∞∫
−∞
|1−Al(x)|
2
|x|2
dx
|El(x)|2
.
Thus,
‖ϕ∗Q−ϕ‖ = ‖T‖ ≤
√
‖eˆ1‖2 + ‖eˆ2‖2.
So, we have proved the following theorem.
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Theorem 6. For the semigroup Zt (17), an estimation ‖Zt‖ ≤ e
αt;
(t≫ 1) is true, where α is estimated in the following way:
α ≤
√
‖eˆ1‖2 + ‖eˆ2‖2,
besides, eˆ1, eˆ2 are given by (16).
Thus, for the semigroup Zt (17) an explicit estimation of character of the
growth of semigroup Zt is given in terms of parameters of the colligation ∆ (14).
REFERENCES
[1] L. de Branges. Hilbert spaces of entire functions. London, Prentice-Hall,
1968.
[2] S. G. Krein. Linear differential equations in Banach space. Nauka, Moskow,
1967, 464 pp (in Russian).
[3] M. S. Livs˘ic, A. A. Yantsevich. Theory of operator colligation in Hilbert
space. J. Wiley, N. Y., 1979.
[4] Yu. Lyubich. Linear Functional Analysis, Enc. of Math. Sci., Vol. 19, Berlin:
Springer Verlag, 1992, 210 pp.
[5] O. V. Rozumenko. On the scattering problem for the L. de Branges func-
tional model. Visn. Khark. Univ., Ser. Mat. Prykl. Mat. Mekh. 826, 58
(2008), 100–114 (in Russian, English summary).
[6] V. A. Zolotarev. Analitic methods of spectral representations of non-
selfadjoint and nonunitary operators. Kharkiv, KhNU, 2003, 342 pp (in
Russian).
[7] V. A. Zolotarev, O. V. Rozumenko. Pavlov functional model of
bounded non-selfadjoint operator. Visn. Khark. Univ., Ser. Mat. Prykl. Mat.
Mekh. 749, 56 (2006), 30–49 (in Russian, English summary).
Olga V. Rozumenko
Dept. of Higher Mathematics and Information Science
Kharkiv National University
Kharkiv, Ukraine
e-mail: ovrozumenko@gmail.com Received October 15, 2010
